Abstract: Based on the de Casteljau algorithm for triangular patches, also using some existing identities and elementary inequalities, this paper presents two kinds of new magnitude upper bounds on the lower derivatives of rational triangular Bézier surfaces. The first one, which is obtained by exploiting the diameter of the convex hull of the control net, is always stronger than the known one in case of the first derivative. For the second derivative, the first kind is an improvement on the existing one when the ratio of the maximum weight to the minimum weight is greater than 2; the second kind is characterized as being represented by the maximum distance of adjacent control points.
曹娟 等:有理 Bézier 三角曲面片低阶导矢界的估计 2327 Design Geometry. In some applications, it is important to have a measure of the size of the lower (first and second order) derivatives. For example, in order to detect the inflection points or singularities (cusps or loops) of curves or the flatness of surfaces, the magnitude scope analysis of the curves or surfaces' derivatives is inevitable. The efficiency of various algorithms for CAD models, e.g., the algorithms about collision detection or rendering, can be enhanced if the upper bounds on the curves and surfaces' lower derivatives can be calculated in advance. In practical applications, the stronger the upper bounds are, the more useful it will be. So far, the calculation and the bound estimation of the derivatives of parametric curves and surfaces have been studied widely [1−6] . However, in case of rational parametric curves and surfaces, the results included in these papers only focus on the calculation and bound estimation of the first derivative. For rational surfaces, the calculation formulas and bound estimations are only derived on the tensor product patches, i.e., rectangular patches. The evaluation formulas and bound estimations for the rectangular patches, however, are ineffective for rational triangular patches, since the three parameters of triangular patches are not independent. Recently, by using the direction operator, Zhang [7] has obtained the lower derivatives and bound estimations of rational triangular Bézier surfaces.
Rational triangular Bézier surfaces are used wildly in CAGD and CAD nowadays because these surfaces take advantage over rectangular patches in many ways. For example, rational triangular Bézier surfaces are suitable for geometry modeling based on irregular and scattered data. By using surfaces constructed over non-degenerate triangular parameter domains, we can also avoid the degeneracy of rectangular patches [8−11] . Since rational triangular patches are playing an important role in CAGD and CAD, we are motivated to improve the magnitude upper bounds on their lower derivatives.
According to the de Casteljau algorithm for triangular patches, any point in the triangular Bézier surface can be obtained from repeated linear interpolation of control vertices. In this paper, we investigate the properties of the intermediate weights and intermediate points in the de Casteljau scheme by using some existing identities and elementary inequalities. Based on these properties, we obtain two kinds of upper bounds on triangular patches' lower derivatives. The first kind of bound estimations, which exploit the diameter of the convex hull of the control net, improve the corresponding result in Ref. [7] in the case of first derivative. For the second derivative, the first kind of bounds are stronger than the corresponding results in Ref. [7] when the ratio of the maximum weight to the minimum weight is greater than 2. The second type of bound estimations are characterized by using the local distance of the control net, namely, the maximum length of the edge of the triangles, to express the upper bounds. In applications, we can compute both kinds of bounds for each partial derivative, and choose the smaller one as the ultimate upper bound estimation. An application of surface rendering shows that the bounds obtained in this paper are useful in practical applications.
Preliminary
A rational triangular Bézier surface of degree n is defined as
where R i,j,k ∈ℜ 3 are the control points, ω i,j,k are positive weights, 
where
this paper, we still write w instead of 1−u−v. Based on the de Casteljau algorithm for the rational Bézier triangular patches [12] , we can obtain some identities as follows (2) 1 , triangles in the r-th step of the de Casteljau algorithm (see Fig.1 ). The identities derived in the rest of this section will be useful in the later discussion. (4) and (5) into the first and second derivatives of 
Proof:
We prove as an example. The substitution of these two identities into Eq. (10) 
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Similarly, we have This property implies that the maximum distance between arbitrary two points of all four adjacent triangles (see Fig.1 ) of the r-th step of de Casteljau algorithm can be bounded by that of the (r−2)-th step multiplying a constant factor V 2 .
Bound Estimation by Using Control Net'S Convex Hull Diameter
In this section, we estimate the size of the derivatives by using the diameter of the control net's convex hull, which is denoted as P M . We have the theorems as follows: 
Hence, from Property 5, when n=2m, we have The proof of the bound of R uv can be similarly completed. □
An Application
In previous sections, we obtained two kinds of upper bounds, both of which could be computed. In applications, for each partial derivative, we can choose the lesser kind as the ultimate derivative bound estimation.
As mentioned, derivative bounds of rational Bézier surfaces are useful in many areas. Here, we take the application in surface rendering as an example.
Triangular Bézier patches are commonly used to represent models for computer graphics, geometric modeling 
